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Abstract—Fuzzy Frequency Response: Definition and Anal-
ysis for Complex Dynamic Systems is proposed in this paper.
In terms of transfer function, the complex dynamic system is
partitioned into several linear sub-models and it is organized
into Takagi-Sugeno (TS) fuzzy structure. The main contribution
of this approach is demonstrated, from the proposal of a
Theorem, that fuzzy frequency response is a boundary in the
magnitude and phase Bode plots. Low and high frequency
analysis of fuzzy dynamic model is obtained by varying the
frequency w from zero to infinity.

I. INTRODUCTION

The main task of the control theory is the analysis and
design for complex dynamic systems. In the analysis, the
characteristics or dynamic behaviour of the control system
are determined. In the design, the controllers are obtained to
attend the desired characteristics of the control system from
certain performance criteria. Generally, these criteria may
involve disturbance rejection, steady-state errors, transient
response characteristics and sensitivity to parameter changes
in the plant [1], [2], [3]. Since the real environment may
vary with time or its operating conditions may change with
load and disturbances, the control system must be able to
withstand these variations. The particular property that a
control system must possess in order to operate properly
in this real environment is called robustness. The robust
analysis and control techniques are conveniently examined
in the frequency domain. The frequency response methods
were developed during the period 1930 — 1940 by Harry
Nyquist (1889 —1976) [5], Hendrik Bode (1905 — 1982) [6],
Nathaniel B. Nichols (1914 — 1997) [4] and many others.
Since, frequency response methods are among the most
useful techniques and available to analyse and synthesise the
controllers. In [7], the U.S. Navy obtains frequency responses
for aircraft by applying sinusoidal inputs to the autopilots
and measuring the resulting position of the aircraft while
the aircraft is in flight. In [8], four current controllers for
selective harmonic compensation in parallel Active Power
Filters (APFs) have been compared analytically in terms of
frequency response characteristics and maximum operational
frequency. A complex dynamic system presents uncertainty
and/or nonlinearity in its dynamic behaviour. This paper
proposes the definition of Fuzzy Frequency Response (FFR)
and its application for analysis of complex dynamic systems.
The complex dynamic system is partitioned into several
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linear sub-models and it is organized into Takagi-Sugeno
(TS) fuzzy structure. The main contribution of this approach
is demonstrated, from the proposal of a Theorem, that fuzzy
frequency response is a boundary in the magnitude and
phase Bode plots. Low and high frequency analysis of fuzzy
dynamic model is obtained by varying the frequency w from
zero to infinity.

The paper is organized as follows: an overview of Takagi-
Sugeno Fuzzy Dynamic Model is first given in Section II.
The definition of fuzzy frequency response is addressed
in Section III. Fuzzy frequency response at low and high
frequencies is analyzed in Section IV. Section V presents
the computational results for fuzzy frequency response of
two complex systems with uncertain and nonlinear dynamic
behaviour, respectively. Final remarks are given in Section
VL

II. TAKAGI-SUGENO FuzzY DYNAMIC MODEL

The inference system TS, originally proposed in [9],
presents in the consequent a dynamic functional expression

of the linguistic variables of the antecedent. The 7 ‘[’:172’“"” -

th rule, where [ is the rules numbers, is given by

Rule® :

IF &yis Ffy o AND...AND &y is F{, 5

<Dz Hag 3Dy Han

THEN vy; = fi(X) (D

where the total number of rules is | = pz, X ... x pz,. The
vector X = [Zy,... ,i"n]T € R™ containing the linguistics
variables of antecedent, where 7' represents the operator
for transpose matrix. Each linguistic variable has its own
discourse universe Us,,...,Uz, , partitioned by fuzzy sets
representing its linguistics terms, respectively. In ¢-th rule, the
variable Ty . n} belopgs to the fuzzy set Fiih“_@n} with
a membership degree “3’{51 _____ O defined by a membership

R — [0,1], with ,u}{il _____ sy €

n "H,L}T‘p\{il.,.,,iﬂ,}}’ where
P{31,....in} 18 the partitions number of the discourse
universe associated with the linguistic variable Zq,...,
,Tn. The output of the TS fuzzy dynamic model is a
convex combination of the dynamic functional expressions
of consequent f;(X), without loss of generality for the

bidimensional case, as illustrated in Fig. 1, given by Eq. (2).

l
y(X,7) = Z %i(R) fi(%) )

function s, .5

where 7 is the scheduling variable of the TS fuzzy dynamic
model. The scheduling variable, well known as normalized
activation degree is given by:
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Fig. 1.
from the antecedent space to the space of the consequent parameters one.

Fuzzy dynamic model: A TS model can be regarded as a mapping

(X)) = ———. 3)

This normalization implies

!
Do) =1 )
k=1

It can be observed that the TS fuzzy dynamic system,
which represents any nonlinear dynamic model, may be
considered as a class of systems where ~;(X) denotes a
decomposition of linguistic variables [Z1, . .., Z,]T € R" for
a polytopic geometric region in the consequent space from
the functional expressions f;(X).

III. Fuzzy FREQUENCY RESPONSE (FFR): DEFINITION

This section will present how a TS fuzzy model of
a complex dynamic system responds to sinusoidal inputs,
which in this paper is proposed as the definition of fuzzy
frequency response. The response of a TS fuzzy model to
a sinusoidal input of frequency w; in both amplitude and
phase, is given by the transfer function evaluated at s = jwy,
as illustrated in Fig. 2.

E(s)

—_—

~ ! ) Y(9)
W@:ZWw@
i=1

Fig. 2. TS fuzzy transfer function

For this TS fuzzy model,

E(s). (5)

l
Y(s) = lz %W (s)

!
Consider W (jw) = Z%Wi (jw) a complex number for

i=1
a given w, as

! !
W(jw) = Z’%WZ(]OJ) = Z'YZWZ(]W) eJo(Ww) (6)
i=1 i=1

or

! !
W(jw) = Z'ini(jw) = Z%Wi(jw) Zarctan
i=1 i=1

!
doaWiGe)| . @
i=1

Then, for the case that the input signal e(t) is sinusoidal,
that is,

e(t) = Asinwst. )

The output signal y4s(t), in the steady state, is given by

l
yss(t) = A Z’ini(jw) sin [wit + ¢(wy)] . )
i=1
As result of the fuzzy frequency response definition, it is
proposed the following Theorem:

Theorem 3.1: Fuzzy frequency response is a region in the
frequency domain, defined by the consequent sub-models and
from the operating region of the antecedent space.

Proof:

Considering that 7 is a linguistic variable related to the dy-
namic behaviour of the complex system, it can be represented
by linguistic terms. Once known its discourse universe, as
shown in Fig. 3, the activation degrees hi(f/)|z:1’2“”’l are
given by:

hi(P) = W, * Wy * % P (10)

where vr, , 4 € Upy, . respectively, and x is
a fuzzy logic operator. The normalized activation degrees

_Nf=1,270 . .
v (D)]" , are also related to the dynamic behaviour as
follow:
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Fig. 3. Functional description of the linguistic variable : linguistic terms,
discourse universes and membership degrees.
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This normalization implies
l
> i) =1. (12)
k=1

Let F(s) be a vectorial space with degree ! and
fY(s), f2(s), ..., fY(s) transfer functions which belongs
to this vectorial space. A transfer function f(s) € F(s)
must be a linear convex combination of the vectors

fr(s), 2(8), o f1(s):
fls) = &f'(s)+ &)+ +&f'(s), (13)
where &, ; are the coefficients of this linear con-

vex combination. If the coefﬁments of the linear convex

combination are normalized Zfl =1, the vectorial

space presents a decomposmon of the transfer functions
[f1(s), f2(s),..., f'(s)] in a polytopic geometric shape
of the vectorial space F(s). The points of the poly-
topic geometric shape are defined by the transfer functions
[f1(s), f2(s), - -, fl(s)]. The TS fuzzy dynamic model at-
tends this polytopic property. The sum of the normalized
activation degrees is equal to 1, as shown in Eq. (4). To
define the points of this fuzzy polytopic geometric shape,
each rule of the TS fuzzy dynamic model must be singly
activated. This condition is called boundary condition. In
this way, the following results are obtained for the Fuzzy
Frequency Response (FFR) of the TS fuzzy transfer function:

e If only the rule 1 is activated, it has (y1 = 1,72 =

0,73 = 07~~';7l = 0)
W (jw, ) DYW(jw) Zarctan |:Z v (D)W (jw }
14
W (juw, 7) = ’1W1(jw) FOW2(jw) + ..+0Wl(jw)) / axctan

[1W1(jw) +OW2(jw) + ... + owl(jw)] ,

W (jw, D) = |W1(jw)| Zarctan [Wl(jw)].

e If only the rule 2 is activated, it has (y1 = 0,72 =
1,’73 :O,...,’yl :0).'

W (jw, D) WZ (jw)

1
Z arctan |:Z ’Yi(ﬁ)Wi (jw):| )

i=1

Z%

(16)

W (jw, v) = )Owl(jw) +1W2(jw) + ... + OWl(jw)‘ Zarctan

[OWl(jw) T IW2(jw) + ... +0Wl(jw)] ,

W (jw, 9) = |W?(jw)| Zarctan [W2(jw)]. amn

o If only the rule | is activated, it has (y1 = 0,72 =
07’73 :05"'a’7l = 1)

W (juw, 7) =

l
Z arctan |:Z Vi (D)WZ (jw):| )

i=1

l
S (W (jw)
1=1

18

W (jw, 7) = ’0W1(jw) FOW2(jw) ...+ 1Wl(jw)‘ / axctan
[owl(jw) +OW2(jw) + ... + 1Wl(jw)] ,

W (jw, D) = ‘Wl(jw)‘ Zarctan [Wl(jw)], (19)

where W(iw), W2(jw),..., W (jw) are the
linear sub-models of the complex dynamic system.
Note that (W (jw)| / arctan (W (jw)] and

(W (jw) ’Zarctan [W!(jw)] define a boundary region.
Under such circumstances the fuzzy frequency response
for complex dynamic system converges to a boundary in
the frequency domain. Figure 4 shows the fuzzy frequency
response for the bidimensional case, without loss of
generality.

i Magnitude

ol
Phase

Fig. 4. Fuzzy frequency response: mapping from the consequent space to
the region in the frequency domain.



IV. Fuzzy FREQUENCY RESPONSE (FFR): ANALYSIS

In this section will be analyzed the behavior of the fuzzy
frequency response at low and high frequencies. The idea is
to study the magnitude and phase behavior of the TS fuzzy
dynamic model, when w varies from zero to infinity.

A. Low Frequencies Analysis

The low frequencies analysis of the TS fuzzy dynamic
model W (s) can be obtained by

l
gg}); BW* (jw). (20)

The magnitude and phase behaviour at low frequencies, is
given by

lim
w—0

l
> W (jw)
=1

l
Z arctan [Z W' (jw)] . 21
i=1

B. High Frequencies Analysis

Equivalently, the high frequencies analysis of the TS fuzzy
dynamic model W (s) can be obtained by

l
Jim E_lvzW (jw). (22)

The magnitude and phase behaviour at high frequencies,
is given by

l
lim > 5 W(jw)
i=1

w—00 |4

!
Zarctan lz 'ini(jw)]. (23)

= i=1

V. COMPUTATIONAL RESULTS

To illustrate the FFR: definition and analysis, as shown in
section III and IV, consider two cases of complex system:

o Complex system with uncertain dynamic behaviour;
o Complex system with nonlinear dynamic behaviour.

A. Uncertain Dynamic System

Consider the following uncertain dynamic system, given

_ 2—v
w4 Ds+1 [(%+0.1)s+1}

(24)

where the scheduling variable is v = [0, 1], the gain of the
uncertain dynamic system is K, = 2 — v, the upper time
constant is 7 = v + 1 and the lower time constant is 7 =
5 +0.1. From the uncertain dynamic system in Eq. (24) and
assuming the time varying scheduling variable in the range
of [0, 1], it can obtain the TS fuzzy dynamic model in the
following operating points:

Sub-model 1 (v = 0):

2 2
Wl(s,0) = = . (25
0= G0+ o riss1 B
Sub-model 2 (v = 0.5):
1.5 1.5
W?2(s,0.5) = = .
(5:0-3) = A 55T 1)(0355 +1) ~ 052552 + 1855 1 1
(26)
Sub-model 3 (v = 1):
W3(s,1) = L = (27)
" (2s+1)(0.6s+1) 1282 +2.6s5+ 1
The TS fuzzy dynamic model rules base results
Rule®™: TF v is 0 THEN W!(s,0)
Rule® : TF v is 0.5 THEN W?2(s,0.5) (28)
Rule® : IF v is 1 THEN W3(s,1),

From Eq. (7) the TS fuzzy dynamic model of the uncertain
dynamic system, Eq. (28), can be represented by

W (jw, ) =
3

Zarctan lz 'yi(ﬂ)Wi(jw)] (29)

i=1

3
S ()W )

So,

W (jw, ) =
- 1.5 .
T 012 115+ 1 2052552 + 1.855 + 1

/ 2
e — t e —
1.232+2.6s+1‘ e [%0.182+1.1s+1+

15 1
052552 + 185511 « 1252 1 2.65+ 1

+ 72

+73

+72 } (30)

W(jw,7) =
) 0.6(jw)* + 3.6(jw)® + 6.5(jw)? + 4.5(jw) + 1
Den[W(j%D)]

0.1(jw)* 4 1.6(jw)® + 4.2(jw)? + 3.7(jw) + 1 N
Den[

2y

+

1.5’}/2

W(jw,ﬁ)]

0.1(jw)* + 0.8(jw)® + 2.7(jw)? 4 3(jw) + 1

Z arctan
Denpi ju,n)

3

[ 0.6(jw)* + 3.6(jw)? + 6.5(jw)? + 4.5(jw) + 1
271 +

Den[W(jw,D)]

0.1(jw)* + 1.6(jw)® + 4.2(jw)? + 3.7(jw) + 1 N

15
” Denpi ju,n)



" 0.1(jw)* 4 0.8(jw)? + 2.7(jw)? + 3(jw) + 1
Den[‘;v(jw’ﬂ)}
(1)
where
Den[mjw)] =0.1(jw)® + 1.1(jw)® + 5.2(jw)*+
+11.2(jw)® + 11.5(jw)? + 5.6(jw) + 1 (32)

1) Low Frequencies Analysis: From the TS fuzzy dy-
namic model, Eq. (29), and applying the concepts seen in
the Subsection IV-A, the steady-state response for sinusoidal
input at low frequencies for the uncertain dynamic system
can be obtained as follow:

lim W (jw, 7) =
w—0

) 0.6(jw)* + 3.6(jw)® + 6.5(jw)? + 4.5(jw) + 1 N
" Denfii (ju0)
r 0.1(jw)* + 1.6(jw)? + 4.2(jw)? + 3.7(jw) + 1
272 Den[W(jwﬁ)]
730.1( w)* +0.8(jw)? + 2.7(jw)? + 3(jw) + 1 Z arctan
Denip o)
5 0.6(jw)* + 3.6(jw)® + 6.5(jw)? + 4.5(jw) + 1 N
" Denfy )
15 0.1(jw)* + 1.6(jw)? + 4.2(jw)? + 3.7(jw) + 1 N
272 Den[W(jwﬁ)]
N 0.1(jw)* + 0.8(jw)® + 2.7(jw)? + 3(jw) + 1
3
Den[W(jwvﬂ)]

(33)

As w tends to zero, (52) can be approximated as follow:

lim0 W (jw,?) = |271 + 1.57 + 73] Z arctan
w—r

291 + 1.572 + 73] (34)
Hence
ul}igb W (jw, 7) = 271 + 1.572 + 73] ZOO (35)

Applying the Theorem 3.1, proposed in Section III, the ob-
tained boundary conditions at low frequencies, are presented
in Tab. I. The fuzzy frequency response of the uncertain
dynamic system, at low frequencies, presents a range of
magnitude in the interval [0, 6](dB) and the phase is 0°.

TABLE I
BOUNDARY CONDITIONS AT LOW FREQUENCIES.

Activated Boundary Condition Magnitude Phase
Rule (dB) (Degree)
1 y1 =17 =0and v3 =0 6.0206 0°
2 y1=0;v =1and v3 =0 3.5218 0°
3 v1=0;v =0and 73 =1 0 0°

2) High Frequencies Analysis: Likewise, from the TS
fuzzy dynamic model, Eq. (29), and now applying the con-
cepts seen in the Subsection IV-B, the steady-state response
for sinusoidal input at high frequencies for the uncertain
dynamic system can be obtained as follow:

lim W(jw, ) =
w—>00
5 0.6(jw)* 4 3.6(jw)® + 6.5(jw)? + 4.5(jw) + 1 N
" Deny (ju o]
L5 0.1(jw)* + 1.6(jw)® + 4.2(jw)? + 3.7(jw) + 1 N
o Denpi ju,0)
- 4 . 3 . 2 .
s 0.1(jw)* + 0.8(jw)® + 2.7(jw)* + 3(jw) + 1 Z arctan
Den[W(jwﬂ]

[% 0.6(jw)* +3.6(jw)* +6.5(jw)* +4.5(jw) +1
1
Denfy o)
1+ 1.6(jw)® + 4.2(jw)? + 3.7(jw) + 1 N
Den[

159 0.1(jw

W (jw,)]

0.1(jw)* 4+ 0.8(jw)® + 2.7(jw)* + 3(jw) + 1

Den[

3

W(jw,9)]
(36)
In this analysis, the higher degree terms of the transfer

functions in the TS fuzzy dynamic model increase more
rapidly than the other ones. Thus,

lim W(jw,v) =
w—r00
0.6(jw)* 0.1(jw)* .
2y Iy 5
No1GmE T 010w +73
0.6(jw)? 0.1(jw)* 0.1(jw)?
2y )y gy I 37
{ Mo1Ger T 2000w T Boagwe] 7
Hence
lim W(jw,v) =
w—r00
0.6 0.1 0.1
1.5 —180°
No1GeE 0000 T P 01Gw)?

Again applying the Theorem 3.1, proposed in Section III,
the obtained boundary conditions at high frequencies are
presented in Tab. II. The fuzzy frequency response of the



uncertain dynamic system, at high frequencies, presents a

o lgop | @®)

9

range of magnitude in the interval [
and the phase is —180°.

TABLE I
BOUNDARY CONDITIONS AT HIGH FREQUENCIES.

Activated Boundary Condition Magnitude Phase
Rule (dB) (Degree)
1 v =17 =0andy3 =0 [lQ/(jw)Ql —180°
2 =07 =1andvy3 =0 | |1.50/(jw)?| | —180°
3 11 =0v=0andy3=1 | [0.1/(jw)?] —180°

For comparative analysis, the fuzzy frequency response
(boundaries conditions at low and high frequencies from Tab.
I-II) and frequency response of the uncertain dynamic system
are shown in Fig. 5. For this experiment, the frequency
response of the uncertain dynamic system was obtained
considering the mean of the uncertain parameter v in the
frequency domain as shown in Fig. 6. It can be seen that
the fuzzy frequency response is a region in the frequency
domain, defined by the consequent linear sub-models W(s),
from the operating region of the antecedent space, as demon-
strated by the proposed Theorem 3.1. This method highlights
the efficiency of the fuzzy frequency response to estimate the
frequency response of uncertain dynamic systems.

Bode Diagram
T T

50

Magnitude (dB)
I
@
S
i

-100 -

v=0 (Fuzzy upper limit)
v=1 (Fuzzy lower limit)
Uncertain dynamic system ||

Phase (deg)
I
©
S

-135

-180 = -
- - 0 1 3
10 10 10 10 10 10
Frequency (rad/sec)

Fig. 5. Comparative analysis between fuzzy frequency response and
frequency response of the uncertain dynamic system.

B. Nonlinear Dynamic System

Now consider the one-link robotic manipulator shown
in Fig. 7. The dynamic equation of the one-link robotic
manipulator is given by

mi?6 + df + mgl sin(h) = u, (38)

with: m = 1kg, payload; [ = 1m, length of the link; g =
9.81m/s?, gravitational constant; d = 1kgm?/s, damping
factor and u, control variable (kgm?/s?).

15

0.5 q

Mean of v

05 i i i i
10° 10 10° 10" 10 10
Frequency (rad/sec)

Fig. 6. Mean variation of uncertain parameter v in frequency domain.

-Ti/4

Fig. 7.

One-link robotic manipulator.

A LPV model can be obtained from nonlinear model in the
Eq. (38) by Taylor series expansion of the nonlinearity sin 6
in some operating points [10]. For the case that v is close to
1y, it can be able to ignore the higher-order derivative terms.
Thus

df (v
o= s+ T w69
v v=rg
From Eq. (39), the LPV Plant is
mi?0 + df + mgl [a + b] = u, (40)

where a = sinv — v cosv; b = cosv and v is the schedul-
ing variable that represents the operating point (angle). In
terms of transfer function, it has

1
- mi2s2 +ds + mglcosv’

H(s,v) = (41)

where U(s,v) = U(s) — mgl[sinv — v cosv]. From the
LPV model in Eq. (41) and assuming the dynamics of the



system in the range of [—m/4,7/4], it can obtain the TS
Fuzzy Model choosing some operating points:

Sub-model 1 (v =0 = —7/4):

(s, —/4) |
1, _ _ ) _
W, =m/4) U(s,—m/4) s?+s+6.9367 “2)
Sub-model 2 (v = 0 = 0):
O(s,0) 1
2 = ’ = . 4
W(s,0) U(s,0) s2+s5+9.81 (“43)
Sub-model 3 (v =0 = +7/4):
(s, +1/4) |
3 _ _
WA/ = 5w/ ~ Zxsrooser Y

The TS fuzzy dynamic model rules base results

Rule™ : IF v is —m/4 THEN W'(s,—7/4)
Rule®: IF v is 0  THEN W?2(s,0)
Rule® : TF v is +m/4 THEN W3(s,+nr/4),

Again from Eq. (7) the TS fuzzy dynamic model of the
one-link robotic manipulator, Eq. (45), is given by

W (jo, 7) =
_ ‘ 1 + V2 +
(jw)? + (jw) +6.9367  (jw)? + (jw) +9.81

l Z arctan

+(jw)2 + (jw) + 6.9367

(oo T
(jw)? + (jw) +6.9367  (jw)? + (jw) + 9.81

73
TGO+ () £ 6.9367} (46)

W (jw,v) =
(1 + 72 + 9] (w)® + [+ 72 + sl (w)+

Den[VV(jw,zJ)]

| 98171 + 6.9367y, + 981,

Den[ " Z arctan

jw, )]

{ [+ 72 + 93] (Gw) + [y + 2 + 73] (jw) +
Den [W(]w U)]

| 9817 + 693677, + 981 } @

Den[W(]w V)]

(45)

where

)+ 2(jw)® + 17.7467(jw)?* +
+16.7467(jw) + 68.0490 (48)

Den[W(jw,f/)] = (jw

1) Low Frequencies Analysis: From the TS fuzzy dy-
namic model, Eq. (29), and applying the concepts seen in
the subsection I'V-A, the steady-state response for sinusoidal
input at low frequencies for the one-link robotic manipulator
can be obtained as follow:

lim W (jw, ) =

w—0

[+ 72 + 78] (Gw)? + [ + 72 + 18] (Jw)+
Den
[

W (jw, u)}

L 98171 46,9367 + 9817

Z arctan
Denfii (ju )

{ (1 + 72 + 93] (Jw)® + [71 + 72 + 13l (Jw)+

Den(i (ju, )

9.817; + 6.93677 + 9.8173 } 49)

Den(iy (ju, )

As w tends to zero, Eq. (52) can be approximated as
follow:

9.8171 + 6.936772 + 9.817
ul)lg}) W(jw, ) = ‘ 53,0190 Z arctan
.81 . .81
9.81v1 + 6.936772 + 9.813 (50)
68.0490

Hence

lir% W (jw, ) = [0.14427; + 0.101972 + 0.14427;] ZOO
w—
(5D

Applying the Theorem 3.1, proposed in section III, the ob-
tained boundary conditions at low frequencies, are presented
in Tab. III. The fuzzy frequency response of the one-link
robotic manipulator, at low frequencies, presents a range of
magnitude in the interval [—19.8365; —16.8207](dB) and the
phase is 0°.

TABLE III
BOUNDARY CONDITIONS AT LOW FREQUENCIES

Activated Boundary Condition Magnitude Phase
Rule (dB) (Degree)
1 y1 =17 =0and y3 =0 | —16.8207 0°
2 y1=0;v =1and y3 =0 | —19.8365 0°
3 71 =072 =0andy3 =1 | —16.8207 0°




2) High Frequencies Analysis: Likewise, from the TS
fuzzy dynamic model, Eq. (29), and now applying the con-
cepts seen in the subsection IV-B, the steady-state response
for sinusoidal input at high frequencies for the one-link
robotic manipulator can be obtained as follow:

lim W (jw,7) =
w— 00

(1 472 + 3] (Gw)? + [71 + 72 + 8] (jw)+
Den[W(jw’ﬂ)]

+9.8171 + 6.9367v2 + 9.81v3
Den[W(

Z arctan

jw, )]

[+ 72 + 8] (jw)? + [ + 72 + 78] (jw)+
Den[W(jwﬂ;)]

| 9817 + 693677, + 9817

Den[ (52)

W (jw,7)]

In this analysis, the higher degree terms of the transfer
functions in the TS fuzzy dynamic model increase more
rapidly than the other ones. Thus,

lim W (jw,v) =

w—>00

it tns)) / amtan{mﬂzj%)}
(jw) (Jjw)

Hence

lim W (jw, ) = ’Wﬁ%”) / —180°

W=r00 (jw)?

Again applying the Theorem 3.1, proposed in section III,
the obtained boundary conditions at high frequencies are
presented in Tab. IV. The fuzzy frequency response of the
one-link robotic manipulator, at high frequencies, presents

‘ (dB) and the phase is —180°.

(jw)?

the magnitude of

TABLE IV
BOUNDARY CONDITIONS AT HIGH FREQUENCIES

Activated Boundary Condition Magnitude Phase
Rule (dB) (Degree)
1 1 =17 =0and 73 =0 |1/(jw)2i —180°
2 y1=0;v2=1andy3=0 | [1.0/(jw)?| —180°
3 1n=0v=0andy3=1| |1/(jw)?| —180°

For comparative analysis, the fuzzy frequency response
(boundaries conditions at low and high frequencies from
Tab. I-II) and frequency response of the one-link robotic
manipulator are shown in Fig. 8.
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Fig. 8.  Comparative analysis between fuzzy frequency response and
frequency response of the one-link robotic manipulator.

VI. CONCLUSIONS

The Fuzzy Frequency Response: Definition and Analysis
for Complex Dynamic Systems is proposed in this paper.
It was shown that the fuzzy frequency response is a region
in the frequency domain, defined by the consequent linear
sub-models W(s), from operating regions of the complex
dynamic system, according to the proposed Theorem 3.1.
This formulation is very efficient and can be used for robust
control design for complex dynamic systems.
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